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Compositions and Heterogeneity



Setup Curvature Bounds Motivating Our Constants Defining Our Constants Algorithms and Analysis

Composite is an Amazing Model

Composite
Optimization

Finite
Summations

Constrained
Optimization

Minimizing
Maximums

η-
smoothing

min
x∈X

h(g(x))

z0 + · · ·+ zm

z0 +

ιz≤0(z1, ..., zm)
max{z0, ..., zm}

1
η log

m∑
j=0

eηzj
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Heterogeneity is an Amazing Model

Consider the following ML problem of support vector machines


min
w ,b,ξ

∥w∥22 + C
n∑

i=1

ξi

s.t. yi (w
T xi − b) ≥ 1− ξi

ξi ≥ 0

min
w ,b
∥w∥22 + C

n∑
i=1

max{0, 1− yi (w
T xi − b)}
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Heterogeneity is an Amazing Model

We may have some adversarial type problem

min
x∈X

max
p∈{1, 4

3
, 3
2
,2}

{
∥Ax − b∥pp

}
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Heterogeneity is an Amazing Model

Perhaps we’re analyzing a mixture model or log-likelihood

min
x∈X

log

 m∑
j=1

exp(gj(x))

 g1(x) = x2

g2(x) = |2x − 1|

Note: Structured components
��=⇒ structured objective!
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Smoothness and Convexity (Generalized)
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Two Dual Notions

∥∇f (x)−∇f (y)∥ ≤ L∥x − y∥ “L-smoothness”

f (y) ≥ f (x) + ⟨∇f (x), y − x⟩+ µ
2∥y − x∥2“µ-strong convexity”

f (y) ≤ f (x) + ⟨∇f (x), y − x⟩+ L
2∥y − x∥2
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Smooth and Strong Convexity

Figure: [2] Smoothness and Strong Convexity Visualized

https://www.desmos.com/calculator/sybazxt9yh
https://www.desmos.com/calculator/f2nvtdsza2
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Smooth and Strong Convexity Rates

L-smooth µ-Strongly convex1

O
(√

LD2

ε

)
O
(
M2

µϵ

)
O
(√

L
µ log

1
ϵ

)

1In the nonsmooth case, we assume f is Lipschitz with rank M
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Generalizing Smoothness

Smoothness
seems pretty
restrictive.

Can we generalize,
still using first

order information?
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(L, p)-Hölder Smoothness

∥∇f (x)−∇f (y)∥ ≤ L∥x − y∥p (L, p)-Hölder
continuous gradient

f (y) ≤ f (x)+⟨∇f (x), y − x⟩+ L
1+p∥y−x∥1+p(p + 1)-degree

upper bound
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(µ, q)-Uniform Convexity

Can we analogously
generalize the

strong convexity?

f (y) ≥ f (x)+⟨∇f (x), y − x⟩+ µ
1+q∥y−x∥1+q
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Visual Interlude

Figure: 2-dim plot and 3-dim plot

https://www.desmos.com/calculator/tzsuxokitu
https://www.desmos.com/3d/ml0oh32gc2
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Universal Guarantees?

Recall, we minimize F (x) = h(g1(x), ..., gm(x)). Each component
having its own (Lj , pj)-Hölder smoothness and (µj , qj)-uniform

convexity.

Suppose we’re given magic
L̃ and µ̃ that captures
all the information for
upper/lower curvature...

What guarantees
should we hope for?
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Aggregated Smooth and Strong Convexity Rates?

L̃-upper bounded µ̃-lower bounded

O
(√

L̃D2

ε

)
? O

(
M2

µ̃ϵ

)
?O

(√
L̃
µ̃
log 1

ϵ

)
?
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Motivating our Lovely Constants
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From Constraints to Compositions

Constrained
Optimization

min
x∈X

g0(x)

s.t. gj(x) ≤ 0

min
x∈X

g0(x) +

ιz≤0(g1(x), ..., gm(x))

Composite
Optimization

min
x∈X

g0(x)+

h(g1(x), ..., gm(x))



Setup Curvature Bounds Motivating Our Constants Defining Our Constants Algorithms and Analysis

From Constraints to Compositions

Constrained
Optimization

min
x∈X

g0(x)

s.t. gj(x) ≤ 0

min
x∈X

g0(x) +

ιz≤0(g1(x), ..., gm(x))

Composite
Optimization

min
x∈X

g0(x)+

h(g1(x), ..., gm(x))



Setup Curvature Bounds Motivating Our Constants Defining Our Constants Algorithms and Analysis

From Constraints to Compositions

Constrained
Optimization

min
x∈X

g0(x)

s.t. gj(x) ≤ 0

min
x∈X

g0(x) +

ιz≤0(g1(x), ..., gm(x))

Composite
Optimization

min
x∈X

g0(x)+

h(g1(x), ..., gm(x))



Setup Curvature Bounds Motivating Our Constants Defining Our Constants Algorithms and Analysis

De“composing”

p⋆ =

min
x∈X

g0(x)

s.t. gj(x) ≤ 0

p⋆ = min
x∈X

max
λj≥0

g0(x) +
m∑
j=1

λjgj(x)
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Approximate

Dualized

Aggregate
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Tool 1: Fenchel Conjugates

Dualized

f ∗(λ) = sup
x∈Rn
⟨λ, x⟩ − f (x)

f (x) = sup
λ∈Rn
⟨x , λ⟩ − f ∗(λ)

f ∗∗ = f

h∗(λ) = sup
x∈Rn
⟨λ, x⟩ − h(x)

h(g(x)) = sup
λ∈Rn
⟨λ, g(x)⟩ − h∗(λ)

h∗∗ = h
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Lagrangian Reformulation (via conjugates)

p⋆ = min
x∈X

g0(x) +

ιz≤0(g1(x), ..., gm(x))

p⋆ = min
x∈X

g0(x) +

max
λ∈Rm

m∑
j=1

λjgj(x)− ι∗z≤0(λ)

p⋆ = min
x∈X

max
λj≥0

g0(x) +
m∑
j=1

λjgj(x)
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De“composing” (again, generally)

p⋆ = min
x∈X

g0(x) +

h(g1(x), ..., gm(x))

p⋆ = min
x∈X

max
λ≥0

g0(x) +
m∑
j=1

λjgj(x) − h∗(λ)

h(g(x)) = max
λ∈Rm

m∑
j=1

λjgj (x)− h∗(λ)
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Sums are Wonderful

Aggregate

min
x∈X
L(x , λ⋆) := g0(x) +

m∑
j=1

λ⋆
j gj(x)

m∑
j=0

λ⋆
j gj(x) is

m∑
j=0

λ⋆
j Lj -smooth

each gj is Lj -smooth
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Inaccessible λ⋆!

Approximate

min
x∈X
L(x , λ) := g0(x) +

m∑
j=1

λjgj(x)

m∑
j=0

λjgj(x) is
m∑
j=0

(λ⋆
j + r)Lj -smooth

restrict λ ∈ Λr := B(λ⋆, r)
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Defining Our Constants
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Approximate Dualized Aggregate Smoothness Constant I

When gj is

Lj -smooth

LADAε,r :=
m∑
j=1

(λ⋆
j + r)Lj

WLOG let g0(x) = 0
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Tool 2: Nesterov-Style Quadratic Upper Bounds

Lemma (Lemma 1, Nesterov [1])

Fix δ > 0 and (L, p)-Hölder smooth, with Lδ ≥
[
1−p
1+p

1
δ

] 1−p
1+p

L
2

1+p ,

f (y) ≤ f (x) + ⟨∇f (x), y − x⟩+ Lδ
2
∥y − x∥2 + δ

2
, ∀x , y ∈ dom f .

(1)

https://www.desmos.com/calculator/cmmndy7oq1
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Approximate Dualized Aggregate Smoothness Constant II

When gj is (Lj , pj)-

Hölder smooth

Lδ,r :=
m∑
j=1

[1− pj
1 + pj

· m
δ

] 1−pj
1+pj [

(λ⋆
j + r) · Lj

] 2
1+pj



setting δ = ε√
16LADAε,r D

2
x /ε

LADAε,r :=

LADA > 0 : LADA =
m∑
j=1

[
1− pj
1 + pj

· m
√
LADA

ε
· 4Dx√

ε

] 1−pj
1+pj [

(λ⋆
j + r)Lj

] 2
1+pj
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Tool 3: Restarting Methods

Suppose
we’re given

Guarantees that
f (xN) − f (x⋆) ≤ L∥x0−x⋆∥2

2N2

Our algorithm produces output
s.t. f (xk) − f (x⋆) ≤ ε

f (xk)− f (x⋆) ≥ µ
2∥x

k − x⋆∥2
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Tool 3: Restarting Methods

How many iterations
to reach ε/2?

Recall we have
∥xk − x⋆∥2 ≤ 2ε

µ

After restarting

f (xN) − f (x⋆) ≤ L∥xk−x⋆∥2
2N2

N =
√

2L/µ yields
f (xN) − f (x⋆) ≤ ε
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General Growth Condition

Suppose f (x) =
m∑
j=1

λ⋆
j gj(x)

f (x) − f (x⋆) ≥
m∑
j=1

λ⋆
j

µj

qj + 1
∥x − x⋆∥qj+1

Each gj is (µj , qj)-uniformly convex

f (x) − f (x⋆) ≥
m∑
j=1

λ⋆
j

µj

qj + 1
∥x − x⋆∥qj+1

︸ ︷︷ ︸
Gx (∥x−x⋆∥)
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Revisiting Restarting

Suppose
we’re given

Guarantees that

f (xN) − f (x⋆) ≤ LADAε,r ∥x0−x⋆∥2
2N2

Our algorithm produces output
s.t. f (xk) − f (x⋆) ≤ ε

f (xk) − f (x⋆) ≥ Gx

(
∥xk − x⋆∥

)
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Revisiting Restarting

How many iterations
to reach ε/2?

Recall we have
∥xk − x⋆∥2 ≤ (G−1

x (ε))2

After restarting

f (xN) − f (x⋆) ≤ LADAε,r ∥xk−x⋆∥2
2N2

N =

√
2LADAε,r (G

−1
x (ε))2

2ε

yields f (xN) − f (x⋆) ≤ ε
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ε ?1/µADA
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Approximate Dualized Aggregate Convexity Constant

When gj is (µj , qj)-

uniformly convex

µADAε = ε
(G−1

x (ε/2))2

µADAε :=

µADA > 0 : µADA

2 =
m∑
j=1

λ⋆
j

µj

qj + 1
(ε/µADA)

qj−1

2
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Approximate Dualized Aggregate Smoothness Constant III

When gj is (Lj , pj)-

Hölder smooth and

(µj , qj)-uniformly convex

LADA
ε,r :=

LADA > 0 : LADA =
m∑
j=1

[
1− pj

1 + pj
·
m
√
LADA

ε
·min

{
4Dx√

ε
,

8√
µADA

ε

}] 1−pj

1+pj [
(λ⋆

j + r)Lj

] 2
1+pj
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Extended Lagrangian and Gap Function

F (x) = h(g1(x), ..., gm(x)︸ ︷︷ ︸
g(x)

) + u(x)

L(x ;λ) := ⟨λ, g(x)⟩ − h∗(λ) + u(x)

L(x ;λ) := ⟨λ, g(x)⟩ − h∗(λ) + u(x)

L(x ;λ, ν) := ⟨λ, νx − g∗(ν)︸ ︷︷ ︸
conjugate of g

⟩−h∗(λ)+u(x)

L(x ;λ, ν) := ⟨λ, νx − g∗(ν)︸ ︷︷ ︸
conjugate of g

⟩−h∗(λ)+u(x)

Gap Function

Q(z , ẑ) = L(x ; λ̂, ν̂) − L(x̂ ;λ, ν)
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Minimizing the Gap Function (“Q-Analysis” and Sliding)

Q(z t ; z) = Qν(z
t ; z) + Qλ(z

t ; z) + Qx(z
t ; z)

L(x t ;λ, ν)− L(x t ;λ, νt)
= ⟨λ, νx t − g∗(ν)⟩ −⟨λ, νtx t − g∗(νt)⟩

L(x t ;λ, νt)− L(x t ;λt , νt)

= ⟨λ, νtx t − g∗(νt)⟩ − h∗(λ) −
[
⟨λt , νtx t − g∗(νt)⟩ − h∗(λt)

]
L(x t ;λt , νt)− L(x ;λt , νt)

= ⟨
m∑
i=1

λt
i ν

t
i , x

t⟩+ u(x t) − ⟨
∑m

i=1 λ
t
i ν

t
i , x⟩ − f (x)

νtj ← argmaxνj∈Vj
⟨ν, x̃ t⟩ − g∗

j (ν) − τtUg∗
j
(νj ; ν

t−1
j )

λt ← argmaxλ∈Λ⟨λ, νt x̃ t − g∗(νt)⟩ − h∗(λ) − γt
2 ∥λ − λt−1∥2

x t ← argminx∈X ⟨
∑m

j=1 λ
t
j ν

t
j , x⟩ + u(x) + ηt

2 ∥x − x t−1∥2

νt ← ∇g(x t), x t ← τtx t−1+x̃ t

1+τt
with x̃ t = x t−1 + θt(x

t−1 − x t−2)
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The Universal Fast Composite Method (UFCM)

Figure: Modified from [3]
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Restarted-UFCM

Figure: Restarted Variant



Setup Curvature Bounds Motivating Our Constants Defining Our Constants Algorithms and Analysis

Universally Optimal Guarantees
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µADA
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1
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))
total gradient calls to g

when the objective

is sufficiently convex

(µADA
ε ≥ ε/D2

x )
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Immediate Corollaries

Suppose g is (L, p)-Hölder smooth
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Immediate Corollaries II

Suppose g is (L, p)-Hölder smooth
and (µ, q)-uniformly convex
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Õ

(√
LADAε,r

µADA
ε

)

= Õ
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